A Linear/Producer/Consumer Model of Classical Linear 

Logic 


Jennifer Paykin Steve Zdaneewie 

University of Pennsylvania 
Philadelphia, USA 

jpaykin@seas.upenn.edu stevez@cis.upenn.edu 


This paper defines a new proof- and category-theoretic framework for classical linear logic that sep¬ 
arates reasoning into one linear regime and two persistent regimes corresponding to ! and ?. The 
resulting linear/producer/consumer (LPC) logic puts the three classes of propositions on the same 
semantic footing, following Benton’s linear/non-linear formulation of intuitionistic linear logic. Se¬ 
mantically, LPC corresponds to a system of three categories connected by adjunctions reflecting the 
linear/producer/consumer structure. The paper’s metatheoretic results include admissibility theorems 
for the cut and duality rules, and a translation of the LPC logic into category theory. The work also 
presents several concrete instances of the LPC model. 



Figure 1: Categorical model of ILL 
with linear and persistent categories. 


1 Introduction 

Since its introduction by Girard in 1987, linear logic has been 
found to have a range of applications in logic, proof theory, and 
programming languages. Its power stems from its ability to care¬ 
fully manage resource usage: it makes a crucial distinction be¬ 
tween linear (used exactly once) and persistent (unrestricted use) 
hypotheses, internalizing the latter via the ! connective. From a 
semantic point of view, the literature has converged (following 

Benton ||3l) on an interpretation of ! as a comonad given by ! = F o G where F H G is a symmetric 
monoidal adjunction between categories £ and V arranged as shown in Figure [T] 

Here, C (for “linear”) is a symmetric monoidal closed category and V (for “persistent”) is a cartesian 
category. This is, by now, a standard way of interpreting intuitionistic linear logic (for details, see 
Mellies lfT4l ). If, in addition, the category C is ^-autonomous, the structure above is sufficient to interpret 
classical linear logic, where the monad ? is determined by ? = (F"^ (G'’^ (“^)))^- While sound, this 
situation unnecessarily commits to a particular implementation of ? in term of V‘’p. The LPC framework 
absolves us of this commitment by opening up a new range of semantic models, discussed in Section]^ 
With that motivation, this paper defines a proof- and category-theoretic framework for full classical 
linear logic that uses two persistent categories: one corresponding to ! and one to ?. The resulting 
categorical structure is shown in Figure where V takes the place of the “producing” category, in 
duality with C as the “consuming” category. This terminology comes from the observations that: 

!A h 1 _L h ?A 

!A h A A h ?A 

!Ah!A®!A ?AJJ?Ah?A 

Intuitively, the left group means that !A is sufficient to produce any number of copies of A and, dually, 
the right group says that ?A can consume any number of copies of A. 
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An LPC Model of Classical Linear Logic 


2 LPC Logic 

The syntax of the LPC logic is made up of three syntac¬ 
tic forms for propositions: linear propositions A, pro¬ 
ducer propositions P, and consumer propositions C. 




A :: 

= T 

1 A\ &A 2 

0 

Ai ©A 2 


1l 

1 Ai ® A 2 


Ai A’A2 


F\P 

F?C 



P :: 

= Ip 

P\®P2 

[Al 


C :: 

= 

1 C 1 AC 2 

LAJ 




Figure 2: Categorical model of classical lin¬ 
ear logic with linear, producing and consuming 
categories. 


The syntactic form of a proposition is called its mode — 
linear L, producing P or consuming C. The meta¬ 
variable X ranges over propositions of any mode, and 
the tagged meta-variable X"' ranges over propositions 
of mode m. The term persistent refers to either pro¬ 
ducer or consumer propositions. 

LPC replaces the usual constructors ! and ? with two pairs of connectives: F\ and [—] for ! and F? 
and [—J for ?. If A is a linear proposition, [A] is a producer and [Aj is a consumer. On the other hand, a 
producer proposition P may be “frozen” into a linear proposition F\ P, effectively discarding its persistent 
characteristics. Similarly for a consumer C, F? C is linear. The linear propositions !A and ?A are encoded 
in this system as F ([A]) and F? ([Aj) respectively. 

The inference rules of the logic are shown in Figures [^and|^ There are two judgments: the linear se¬ 
quent F h A and the persistent sequent F Ih A. In the linear sequent, the (unordered) contexts F and A may 
be made up of propositions of any mode; in the persistent sequent, the contexts may contain only per¬ 
sistent propositions. The meta-variable F^ refers to contexts made up entirely of producer propositions, 
and A*“ refers to contexts of consumer propositions. 

The linear inference rules in Figures]^ and [^encompass rules for the units and the linear operators 
©, &, ® and A. It is worth noting that the multiplicative product 0 is defined only on linear and producer 
propositions, while the multiplicative sum A is defined only on linear and consumer propositions^ 
Weakening and contraction can be applied for producers on the left-hand-side and consumers on the 
right-hand-side of both the linear and persistent sequents. For producers, that is: 

FhA , FlhA , r,F,FhA , r,F,FlhA 


r,FhA 


W''-L 


r,FlhA 


W^-L ’ ’ , . C^-L ’ ’ , . C^-L 


r,Fh A 


r,FihA 


The rules for the operators F, F?, [—] and [—J are given in Figure]^ These rules encode dereliction 
and promotion for ! and ? by passing through the adjunction. For example: 


r,Ai-A 
r, !A h A 


r,AhA 
rjAj FA 
r,F [A] hA 


r' h A',A 
r- h A\!A 


rf’ ihA^, [A] 
rPhA^FfAi 


Displacement. The commas on the left-hand-side of both the linear and persistent sequents intuitively 
correspond to the ® operator, and the commas on the right correspond to A. This correspondence mo¬ 
tivates the context restriction in the rules that move between the linear and persistent regimes. The 

'The persistent operators in this paper are necessary for LPC, but in general are not restricted to the sum and product. Other 
operators, like —> or V, could be incorporated so long as every producer operator has a dual for consumers. 
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r,Ai-A 


x\-x 




Ax^ 


rhA,T 




r,A&BI-A •- r,A&BI-A 
rhA,A rhA,B , 


R 1 


r,oh A 
rh A,B 


oi:-L 


&r-R 


ri-A,A©B ri-A,A©B 

r,AhA r,BhA 


-R 2 


rh A,A&B 

r,xr,X2'^kA me{L,P} 

r,(Ai©A2)-hA ® ■ 

rhA me{L,P} 


r,uhA 


l^L 


ri,Xi"hAi r2,X2"hA2 me{L,c} 

ri,r2, (A"! AA 2 )"’ h Ai,A2 

m G {L,C} 




r,A©BhA 

rihAi,Ar r2hA2,X2" mG{L,P} 
ri,r2 h Ai,A 2, (Xi ©^ 2 )'^ 

m € {L, P} , 

■ Gi 1 

rhA,Ar,A2" m€{L,C} 


-R 


j-m h • 




r h A, (Ai A'A 2 ) 
rhA mG{L,C} 




rhA,A^ 

Figure 3: Inference Rules for Linear Sequent 


A^-R 


restriction ensures that almost all of the propositions have the “natural” mode—^producers on the left and 
consumers on the right. We say “almost” because the principal formula in each of these rules defies this 
classification. We call such propositions displaced. 

Definition 1. In a derivation o/F Ih A, a producer P is displaced if it appears in A. A consumer C is 
displaced if it appears in F. 

Proposition 2 (Displacement). Every derivation o/F Ih A contains exactly one displaced proposition. 


Proof. By induction on the derivation. 


□ 


Cut. The cut rules are presented in Figure Notice that the rules with persistent cut terms have 
the following property: whenever the cut term is displaced in a subderivation, that derivation must be 
persistent and satisfy the restrictions of Proposition Intuitively, only persistent judgments can derive 
displaced propositions. 

To show admissibility of the Cut rules, it is sufficient to show admissibility of an equivalent set of 
rules called CUT+. The versions differ in their treatment of persistent cut terms. The CUT+ formulation 
uses the observation that when a persistent proposition is not displaced in a sequent, it can be replicated 
any number of times. Let {X)„ be n copies of a proposition X. It is easy to see that the following 
propositions are admissible in the linear sequent (and similarly for the persistent sequent): 

F(n.^A rhA,(c)„ 


r,PhA 


Fh A,C 
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P\fP ^ 

r,PuP2\fA 

r,Pi®P2\fA 


cihc 

Fi Ih Ai,Pi r2 Ih A2,P2 
ri,r 2 ih Ai,A 2 ,Pi ®P2 


F.lplhA 

ri,CiihAi r2,C2ii-A2 
ri,r2,Ci a’C 2 ih Ai,A2 


,, rihA,Ci,C 2 

^ rihA,CiA’C 2 


rihA,Ac 


A^-R 


r,Ph A 

—^- Fi-L 

r,F!Pi-A 

rP,cihA'= 

FP,F.ChAC 


F,Ah A 
rjAl FA 

FP,AI-A'= 
FP,[AJ IhAC 


FP lhA^,P 
FP h AC.F.P 


FhA,C 

FhA,F?C 


H-L 


H-L 


FP h A'^,A 
FP|hAC,['A] 

Fh A,A 
rhA.LAj 


H-R 


H-R 


(a) Inference Rules for Persistent Sequent 


(b) Adjunction Inference Rules 


FihAi,A A,F 2 hA 2 
Fi,F 2 h Ai,A 2 


FP|hAC,P P,F 2 hA 2 

FP,F 2 hAC,A 2 


FP|hAC,P P,F 2 lhA 2 
FP F 2 lhAC A 2 


FihAi,C C,F^lhA^ FilhAi,C C,F^lhA^ 

Fi,FPhAi,AC Fi,F2P|hAi,AC 

(c) Cut Inference Rules 

Figure 4: Persistent and Auxiliary Inferenee Rules 


Thus the CUT+ rules, given below, are equivalent to the Cut rules. 

FihAi,A A,F2hA2 ^ ^ 

- ^ . - CUT+ 1 : 


Fi,F 2 F Ai,A 2 


FPiFAp (P) F 2 hA 2 

FP,F 2 hAC,A 2 ^ 

FihAi,(C)„ C,FP|hAC 

Fi,FPhAi,AC ^ 


FP|hA^,P (P)„,F 2 lhA 2 „ 

FP,F 2 lhAC,A 2 ^ 

FilFAi,(C)„ C,FP|hA2" 

Fi,FP|hAi,AC c 


Lemma 3 (CUT+ Admissibility), The CUT+ rules are admissible in LPC. 

Proof. Let V\ and V 2 be the hypotheses of one of the eut rules. The proof is by induetion on the eut 
term primarily and the sum of the depths of Vi and V 2 seeondly. 

1. Suppose Vi or V 2 ends in a weakening or eontraetion rule on the 
eut term. In partieular, eonsider the weakening ease where the eut term 
is a produeer and V 2 is a linear judgment. In this ease Vi is a deriva- 7 ; / , . 

p c" 2? /Ti ^*2 

tion of Fj IF Aj ,P and V 2 is the derivation shown to the right. By the -W-L 

induetive hypothesis on P, Vi and 'D' 2 , there exists a eut-free derivation ~ ^ 2 ; (^)n+i 1“ '^2 

ofrP,r 2 FAC,A 2 . 
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2 . If T>\ or T>2 is an axiom, the case is trivial. 

3 . Suppose the cut term is the principle formula in both Vi and V2 (excluding weakening and con¬ 
traction rules). We consider a few of the subcases here: 


V 


11 


Di2 


2?; 


(®l) 


Fill-All,Ai FiahAiijAi 

2^1= rn,ri2 H Aii,Ai2,Ai (8)A2 




r2,Ai,A21- A2 


and 


2?2 = r2,Ai ®A 2 h A2 


5 l:-L 


By the inductive hypothesis on A2, T>i2 and 2?2, there exists a derivation E of ri2,r2,Ai h Ai2,A2. 
Then the desired derivation of rii,ri2,r2 h Aii,Ai2, A2 exists by the inductive hypothesis on Ai, 2 ?ii 
and E. 


V 


11 


V \2 




(®P) 


rPiihA^i,Pi 


r^n\^A^ 2 ,P 2 


2?, = 


Fn)ri'2lh A^j,A^2)2’i 


5'1^-R 


r2, {Pi ®P 2 )n,Pl,P 2 F A2 


and 2?2 = r2, (Pi ®P2)«+i F A2 


5 ^-L 


The inductive hypothesis on Pi ®P2, 2 ?i itself and 2?2 gives us a derivation E of 

Fn)r 5 ' 2 ,r 2 ,Pi,P 2 h A^j,A^2)'^2- 

Multiple applications of the inductive hypothesis give the following derivation: 

Vn P 

Vn rP2lhAj^2,2^2 


pP pP 
i 1 1 1 i 


11)'- 12)F2,Pi,P2 F '^11)'^12)'^2 


rPiihA^i,Pi 


rP2,rP,rP2,r2,PihA^^2,A^'i,A^^2,A2 


rP,rP2,rP,rP2,r2hA^i,Aj^2,A^i,Aj^2,A2 


IH(P2) 

IH(Pi) 


Because the replicated contexts are made up exclusively of non-displaced propositions, it is possible to 
apply contraction multiple times to obtain the desired sequent. 


V[ 


V'o 


(Pi) 


r^ihAf,p 


Vi = r^hAf,F,P 


Pi-R 


r2,PFA 


and 


P.-L 


2?2 = r 2 ,p!P F A 

Because !)[ is a persistent derivation, we can apply the inductive hypothesis for P with n = 1 to ob¬ 
tain the desired derivation. 

4 . Suppose the cut term is not the principle formula in 2 ?i or 2?2- Most of the subcases are straight¬ 
forward in that the last rule in the derivation commutes with the inductive hypotheses. 

If the cut term is a producer, then 2 ?i is a persistent judgment so it cannot be the case that the last rule 
of Vi is an F\ rule or a [—] -L or [—J -R rule. But it also cannot be the case that the last rule in T>\ is a 
[—] -R or [—J -L rule because there is a non-principle formula—namely, the cut formula—which is in a 
displaced position in the derivation. 

Suppose on the other hand that the cut term is a consumer and T>\ 


is the derivation to the right. Then V2 is a derivation of F^, CIF A2 . 

By the inductive hypothesis on C, 2 ?j and P’2, there is a derivation E 
of F^,F2 F A^,A, A2. Because the contexts in V2 were undisplaced, 
it is possible to apply the [—]-R rule to E to obtain a derivation of 
FP,FP|FAC,rAl,AC. 

For the full proof of Lemma|^ see the accompanying technical report iflSl . 


V\ 


T'lPA\,A,{C)n 
2?i = FP|hA^=,rAl,(C), 


H-R 


□ 


Theorem 4 (Cut Admissibility). The Cut rules in Figure^^are admissible in LPC. 
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Duality. Every rule in the LPC inference rules has a clear dual, but unlike standard presentations of 
classical linear logic, LPC does not contain an explicit duality operator (—)^, nor a linear implication 
^ with which to encode duality. Instead, we define (—)^ to be a meta-operation on propositions and 
prove that the following duality rules are admissible in LPC: 


rhA,A 
r,A-L h A 




r,AhA 

Lh A,A-L 




In fact, there are three versions of this duality operation: (—)^ for linear propositions, (—)* for producers 
and (—)* for consumers. Lor a linear proposition A, A^ is linear, but for a producer P, P* is a consumer, 
and for a consumer C, C* is a producer. We define these (invertible) duality operations as follows: 

■=FtP* 

:= F C* 

i-L I 



= 0 


= Tl 

1* 

= ^c 

(P|P)^: 

0^ 

= T 


= 1l 

J-c* 

= Ip 

(DC)^: 

(A&P)-^ 

= A^©P^ 

(A®P)^ 

= A^AB^ 

{p®Qr 

= P* A G* 

[Af: 

(A©P)^ 

= A^&B^ 

(AAB)^ 

= A^ ©P^ 

(CAD), 

- C:lp. ® 

LAJ*: 


LA^ 

[A^l 


We will show that the inference rules given in Lig- 
ure|^(as well as the respective right rules) are admissi¬ 
ble in LPC. 

Lemma 5 . The following axioms hold in LPC.|^ 


A,A-Lh- •hA,A-L P,P*\f- ■\fP,P* 

Proof. By mutual induction on the proposition. □ 

The variations P,P* \- ■ and • \- P,P* on the other 
hand cannot be proved by induction because of the sub¬ 
case P = [A]; there is no way to apply the inductive 
hypothesis to the goal [A], [A-'-J h •. However we can 
construct the desired derivations using cut rules: 


rhA,p 

r,p* h A 

rihA,p 

r,p*ihA 


rhA,A 
r,A-L h A 


f-)*^L 


(-)*'^L 


(-)^-L 

rhA,c 

r,c*hA' 

rih A,c 
r,cjhA 




(-)* -L 


Ligure 5 : Left Duality Inference Rules 



•lhP,P* 


PhP 


•hP,P* 

Theorem 6. The duality rules in Figure^(and thus the corresponding right rules) are admissible in 

LPC. 

Proof Three of the rules can be generated by a straightforward application of cut: 
ri-A,A ' 


A,A-^ h • 


TA PA 


CUTf 


rhA,c 


r,c*hA 


c,cjh. ^ 

— CUTc 


rihA,c 


r,c* ihA 


C,C* Ih • ||_ 

— CUTc 


When we try to do the same for the left producer rules, the context restriction around the displaced cut 
term leads to the following derivations: 


r'^ ih A*=,p 


p,p* ih • 


rP,p* ihA^ 


CUT^ 


rP|hA^,p 


p,p* h 


r'^,p* h A*^ 


Cute 


^Notice that the consumer case C, C* Ih • is encompassed hy the producer case where P = C*. 
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For the first of these, recall that due to displacement, every derivation of r,P* Ih A in fact has the restric¬ 
tion that r = and A = A*'. So this derivation is actually equivalent to the one in Figure]^ The second 
derivation, on the other hand, is not equivalent to the one in Figure nor an acceptable variant. The 
hypothesis and conclusion of the derivation are different kinds of sequents, and linear propositions are 
completely excluded from the contexts. 

Instead we can prove the more general form of the rule directly: For any derivation P of F h A,P, 
there is a derivation of F, P* h A. We prove this by induction on V. Most of the cases commute directly 
with the inductive hypothesis, which the following exception: If V is the axiom P \- P then there is a 
derivation of P,P* h •, as expected. □ 


Consistency. Define fhe negafion of a linear proposifion fo be -lA :=^ 0 . 

Theorem 7 (Consistency). There is no proposition A such that A and ^A are both provable in LPC. 


Proof. Suppose fhere were such an A, along wifh derivafions of • h A 
and D2 of • h A-'- A’ 0 . Then fhere exisfs a derivafion of • h 0 as seen fo 
fhe righf. However, fhere is no cuf-free proof of • h 0 in LPC, which 
confradicfs cuf admissibilify. □ 


Pi 


P2 

• hA-L,0 

To 


• FA 

a-l h • 


CuTl 


3 Categorical Model 

In fhis secfion we describe a categorical axiomafizafion of LPC based on fhe fhree-cafegory Figure 
Cerfain definilions have been omitted for brevity; fhese can be found in fhe companion paper ifTSl . 


Preliminaries. We sfarf wifh some basic definifions abouf symmefric monoidal sfructures. 

Definition 8. A symmetric monoidal category is a category C equipped with a bifunctor an object 1 , 
and the following natural isomorphisms: 

(^Ai,A 2 A 3 ■ ® T2 81A3) —>• (Aj ® A2) ® A3 Aa : 1 ® A —>■ A 

Oa,b'-A®B^B®A Pa’-A®\^A 

These must satisfy the following coherence conditions: 

Ai ® (A2 ® (A3 ® A4)) ((Ai «A2) ® A3) ® A4 (Ai « (A2 ® A3)) ® A4 

= Aj (g) (A2 (g (A3 (gA4)) —!-■ - "*> Ai (g ((A2 ®Af) (gA4) ———(Aj (g (A2 gA3)) ®Aa ( 1 ) 


Ma^^b = A(g (1 (gP) (A(g 1 )(gfi AigP 


( 2 ) 


Ai ® (A 2 (gA 3 ) 


f4A^®<^A2,A3 , . ^A^,A3,A2 , ^Aj.A3®*^A2 


Ai (g (A3 ® A2) 


■A’ (Ai ® A3) ® A2 


> (A 3 (gAi)(gA 2 


= Ai ® (A2 (g A3) — *' - > (Ai (g A2) (gA3 —!— 2 A). A3 (g (Ai ®A2) — ^ ' * ■ - > (A3 ® Ai) ® A2 ( 3 ) 


idA®B=A®B ^B®A^A®B 


( 4 ) 


Xa = 1l®A —TA® li 


Pa, 


A 


( 5 ) 
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Definition 9 . Let (C,®, l,o;,A,p,a) and (C',®', be symmetric monoidal categories. A 

symmetric monoidal functor F :C ^ C is a functor along with a map m^ : 1 ' —)• F 1 and a natural 
transformation ^ : F (A) F (B) —)■ F (A ® B) that satisfies the following coherence conditions: 

a' 

-»F(Ai)®' (F(A2)®'F(A3)) 


(F(Ai)®'F(A2))®'F(A3) 




F(Ai (8)A2)(8)'F(A3) 

F 

F((Ai®A2)®A3) - 


F(a) 




F(Ai)®'F(A2®A3) 

"A, 42 ®A 3 

F (Ai ® (A2®A3)) 


F(A)®'F(fi) 


F(A®B) 


1'®'F(A) - 
m\ ®' id 
F(1)®'F(A) 


.F(A) 

F(A^) 


Ffl 


F(A)®'1' - 
id ®' m\ 
F(A)®'F(1) 


F(g) 

-F(A) 

F(P) 

F(A®1) 


■ F(B) ®'F(A) 


F(B®A) 


"Ha '"aa 

A functor F : C ^ C is symmetric comonoidal if it is equipped with a map n^ '.FI ^ F and natural 
transformation g : F (A ® B) —)■ F (A) F (B) such that the appropriate (dual) diagrams commute. 

Definition 10 . Let F and G be symmetric monoidal functors F,G : C C'. A monoidal natural transfor¬ 
mation T :F ^ G is a natural transformation satisfying 

'^A®B o B = m^g o {ta®'tb) and 


F G 
Zi^ o = mj . 


ForF and G symmetric comonoidal functors, a natural transformation T : F —)■ G w comonoidal if it 
satisfies the appropriate dual diagrams. 

Definition 11 . A symmetric (co-)monoidal adjunction is an adjunction F H G between symmetric (co-) 
monoidal functors F and G where the unit and counit of the adjunction are symmetric (co- jmonoidal 
natural transformations. 


The LPC model. Traditionally the multiplicative fragment of linear logic is modeled by a *-autonomous 
category. For LPC, we use an equivalent notion that puts the tensor ® and co-tensor A on equal footing, 
by modeling the category £ as a symmetric linearly distributive category with negation 0- 

Definition 12 . Let C be a category with two symmetric monoidal structures ® and A, and a natural 
transformation 

Sai,A 2,A3 ■ Ai ® {A2AAfj -A (Ai ®A2) A At, 

Then £ is a symmetric linearly distributive category if 5 satisfies a number of coherence conditions 
described by Cockett and Seely / 0 /- 

£ is said to have negation if there exists a map (—)^ on objects of C and families of maps 

: A^ ® A —_Ll and 7^:1l—^A^A^ 

commuting with 6 in certain ways. 

Theorem 13 (Cockett and Seely). Symmetric linearly distributive categories with negation correspond 
to *-autonomous categories. 
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Definition 14. A linear/producing/consuming fLPCj model consists of the following components: 

1. A symmetric linearly distributive category (72,®,^) with negation (—)^, finite products & and 
finite coproducts ©. 


2. Symmetric monoidal categories iV,®) and (C,^) in duality by means of contravariant functors 
(—)* :V ^ C and (—)* : C "P, where (—)* is monoidal and (—)* is comonoidal, with natural 
isomorphisms 


c 


:(C* 


C 


and 


n 


* P 


{P* 


3. Monoidal natural transformations gp : P —?■ 1 p and dp \ P ^ P®P in V and comonoidal natural 

transformations e^ : _Lc —>• C and d^ : C ^ C in C, interchanged under duality, such that: 

(a) for every P, {P,df‘ ,ef) forms a commutative comonoid in V; and 

(b) for every C, {C,d^ ,e^) forms a commutative monoid in C. 

4. Symmetric monoidal functors [—] : £ P and F\ : V ^ C and symmetric comonoidal functors 
[—J C^C and Ft.C^C, which respect the dualities in that {F\ P)^ ~ P? (P*) and [A] ~ [A^J, 
and that form monoidal/comonoidal adjunctions [—] H F\ and P? H [—J. 


To unpack condition (3), consider the definition of a commutative comonoid: 

Definition 15. Let (P,®,lp) be a symmetric monoidal category. A commutative comonoid in V is 
an object P in V along with two morphisms e® : P —Ip and d® : P ^ P®P that commute with the 
symmetric monoidal structure of P. Dually, a commutative monoid in a symmetric monoidal category 
(C,^, J-c) Is object C along with morphisms e^ : _Lc C and d^ : C ^ C. 


The commutative comonoids in P ensure that all propositions are duplicable in the producer category. 
This property is then preserved by the exponential decomposition P, leading to the property that linear 
propositions of the form !A = P [A] are similarly duplicable. 

Because [—] H p forms a monoidal adjunction, p is necessarily a strong monoidal functor ifTll . 
which implies that p is both monoidal and comonoidal. A similar result can be stated for P?. 


LPC and other linear logic models. As LPC is inspired by Benton’s linear/non-linear paradigm, this 
section formalizes the relationship between LPC, LNL, and single-category models of linear logic. 

Definition 16 (Mellies ifT^ l. A linear/non-linear (LNL ) model consists of: (1) a symmetric monoidal 
closed category C; ( 2 ) a cartesian category V; and (3) functors G : £ P and F : P £ that form a 
symmetric monoidal adjunction F H Gfl 

In LPC, because every object in P forms a commutative comonoid, P is cartesian |i8]. Therefore: 
Proposition 17. Every LPC model is an LNL model. 

In addition, a *-autonomous category in a linear/non-linear model induces an LPC triple: 
Proposition 18. If the category £ in an LNL model is *-autonomous, then (£,P,P"^) is an LPC model. 

Next we prove that every LPC model contains a classical linear category as defined by Schalk ifTTll . 
This definition is just the extension of Benton et al’s linear category f2l to classical linear logic. 

Definition 19 (Schalk lUTl ). A category £ is a model for classical linear logic if and only if it: (1) is 
*-autonomous; ( 2 ) has finite products & and thus finite coproducts ©; and (3) has a linear exponential 
comonad ! and thus a linear exponential monad ?. 

^The LNL model given by Benton (3) has the added stipulation that the cartesian category he cartesian closed, hut other 
works have since disregarded this condition ca. 
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Proposition 20. The category Cfrom the LPC model is a model for classical linear logic. 


Proof. From Theorem 13 we know that £ is *-autonomous, and by construction it has finite products 
and coproducts. Because the LPC model is also an LNL model, we may apply Benton’s proof that every 
LNL model has a linear exponential comonad Q. □ 


Proposition 21. Every model for classical linear logic forms an LPC category. 


Proof. Benton proved that every SMCC with a linear exponential comonad has an LNL model. Because 
the linear category is *-autonomous the LNL model induces an LPC model. □ 


Interpretation of the Logic. We define an interpretation of the LPC logic that maps propositions 
to objects in the categories, and derivations to morphisms. For objects, the [[—Jl interpretation func¬ 
tion maps any mode of proposition into the linear category. The interpretation of linear propositions is 
straightforward, and for persistent propositions we define 

[P1l=£!Mp [C1l=P?IC1c. 

The functions [[—Jp and [[—Jc map propositions into the producer and the consumer categories V and C 
respectively, but they are defined only on the persistent propositions. To map producer propositions into 
the consumer category and vice versa, we define 

Mp = ([cic)* Mc = (Mpr- 


Linear contexts are interpreted as a single proposition in the linear category. The comma is repre¬ 
sented by the tensor connector ® if the context is meant to appear on the left-hand-side of a sequent, and 
by the cotensor A if the context is meant to appear on the right. These interpretations of linear contexts 
are represented as [[FJ® and respectively. In the producer category there is no cotensor and vice 
versa for the consumer category, so [F^Jp interprets the comma as the tensor in the producer category, 
and [[r*“]]c interprets the comma as the cotensor in the consumer category. 

In this way a linear derivation V of the form F h A will be interpreted as a morphism [[£’]] l : [rj® —)• 
[AJ^. However, it is not clear in which category we should interpret a persistent sequent of the form 
F Ih A, since F and A may contain both producer and consumer propositions. Recall Proposition!^ which 
states that every such derivation T> contains exactly one displaced proposition. This means that V is 
either of the form F*^ Ih A'-jP or F*^, Clh A'-. In the category V, this derivation will be interpreted as a 
morphism 

plp:[rPlp®[A^lp^[Plp or plp:[rPlp®[AClp^[Clp, 


respectively. In the same way every derivation can be interpreted as a morphism in C. 

The interpretation is defined by mutual induction on the derivations. 

1. The interpretation of the linear inference rules given in Figure as well as the persistent rules in 
Figure]^ are straightforward from the categorical structures. 


2. The interpretation of weakening and contraction rules is defined using the 
monoid in C and comonoid in V. For weakening in the linear sequent, 
suppose V is the derivation to the right. The interpretation of V inserts 
the comonoidal component e® in V into the linear category: 


V' 

Fh A 
£> = r,Ph A 


W^-L 


PlL:Irl®®P![PlF 




>[A1l^®P,1f 


id( 8 >n^! 






A 
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3. If the last rule in the derivation is an F\-L or F?-R rule, its interpretation 
is just the interpretation of its subderivation. On the other hand, if the last 
rule is the right F\ rule, the induetive hypothesis states that there exists 
a morphism \V\p : [[F^Jp (g) —)■ [Rjp. It is neeessary to undo this 

duality transformation for interpretation in the linear eategory. 


V' 


ih 


V= T^'r^^,F^P 


F-R 


Notiee that for any persistent eontext F, there is an isomorphism K : [FJ® = F\ [Fjp given by the 
monoidal eomponents of F\. Furthermore, there is an isomorphism T between ([AJ ^and F\ [AJ p 
given by the isomorphism (F? C)-'- = Fr C^:. Using n and z we define the interpretation of V: 


Ml : irnf 


A (F[rPlp®F![AC]p)2J|AC]A 

FIpIp^Ia^iA 




m^' ^ id 



F![rnpg(F![AC]p2J|AC]A) 

UdnpglAClpjAlA^l? 

[AC]A2j|27,pJl 


4. Suppose the last rule in V is the left [—] rule. The interpretation of V _ 

should be a morphism from [F]]® gF ([[[Ajp]) to [AJ^; we use the unit ^ 

of the adjunetion, £ : F [A] —)■ A to eaneel out the exponentials. F = F, [A] h A 


PIl : rif ([[AIlI) ^ Flf « Ml ^ M? F' 

Similarly, the [—]-R rule uses the eounit of the adjunetion, along with F^ h A*“,A 
the isomorphisms 7l and T defined previously. If fhe lasf rule in F is fhe p _ pP ||- |-^-| 

[—] -R rule, ifs inferprefafion is defined as follows: 


[Fip:[rnpgMlp 




[Firnpi^rFMiPi 

r(Mi?0(Mi?)^)^[AiLi 


y-J-A’id;rAA]^ 


[Firnp^FMlpl 

r(MlA2j|Ajp)«(|AClA)X] 

[IaIlMIMIp 


4 Examples 

This seefion provides some eonerefe insfanees of fhe LPC model. The following eharf summarizes fhe 
fhree examples and fheir LPC eafegories. ^ VC 

Veefors FinVect FinSet FinSet"^ 

Relafions Rel Set Set"^ 

Bool. Alg. FinBoolAlg FinPoset FinLat 

Vector Spaces. Linear logie shares many fealures wifh linear algebra, based on fhe nafural inferprefa- 
fions of fhe fensor produef and dualify of veefor spaees. To eonsfruef an LPC model, lef C be fhe eafegory 
of finife-dimensional veefor spaees over a finife field F, V be fhe eafegory of finife sefs and funefions, 
and C be fhe opposife eafegory of V. 

The (g operafor of linear logie is easily inferprefed as fhe tensor produef in C. The A’ operator has no 
nafural inferprefafion in terms of veefor spaees, buf we may define F A V := U®V. The unifs 1 l and _Ll 
may be any one-dimensional veefor spaee; for eonerefeness lef fhem be generafed by fhe basis {!}. 
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The free vector space Free(X) of a finite set X over F is the vector space with vectors the formal 

sums a\X\ H-h addition defined poinfwise, and scalar mulfiplicafion defined by disfribufion over 

fhe jc,’s. A basis for Free (A) is fhe sef {5x \x ^X] where 5x is fhe free sum x. 

The dual of a vecfor space V (wifh basis B) over F is fhe sef V-^ of linear maps from V fo F. For any 
vecfor V G F, we can define v G F-'- fo be fhe linear map acting on basis elemenfs G B by 


VLV 


1 x = v 

0 x^v 


Addition and scalar mulfiplicafion are defined poinfwise. Then {T | a: G B} is a basis for F^. 

The additives & and © are embodied by fhe nofions of fhe direcf producf and direcf sum, which in fhe 
case of finife-dimensional vecfor spaces, coincide. 

Lemma 22. The category FinVect is a symmetric linearly distributive category with negation, prod¬ 
ucts, and coproducts. 


Proof. Since © and A overlap, fhe disfribufivify fransformafion 5 is simply associafivify. The coherence 
diagrams for linear disfribufion fhen depend on fhe commufafivify of fensor, associafivify, and swap 
morphisms. To show fhe cafegory has negation, we define : A-^ ©A — _L and y\\ \ ^ AAA^ as 
follows, where B is a basis for A: 

yf (5„©v) = 5„[v ]-1 y](l) = ^v©v 

veB 

If fhen suffices fo check fhaf A o ( 7 -*- © id) o 0 ; o (id © A) = p. □ 


We will presenf only fhe adjunction befween FinVect and fhe producing cafegory FinSet; fhe ofher 
can be inferred from fhe opposife cafegory. Define [—] : FinVect FinSet fo be fhe forgefful funcfor, 
which fakes a vecfor space fo ifs underlying sef of vecfors. If is a monoidal funcfor wifh componenfs 
m[ ^ : Ip —)■ [1] andm^J : [A] x [B] —>■ |'A©B] defined by ^ (0) = landm^g {u,v) =u®v. 

On objecfs, fhe funcfor F\ : FinSet FinVect fakes a sef X fo fhe free vecfor space generafed by 
X. For a morphism/ : Ai —)■ A 2 in FinSet, we define F\f : Free (Ai) — )■ Free (A 2 ) fo be F\f (5jc) = 5fi^x)- 
Then F\ is monoidal wifh componenfs mf : 1 —Bi Ip and : B Ai ©B A 2 —)• B (Ai x A 2 ) defined as 

(1) = 4 mj (5^, © 5^2) = di^xi,X2) 

Lemma 23. The functors [—] and F\ form a symmetric monoidal adjunction [—] HB- 

Proof. We define fhe unif Ea '. B [A] —)> A and counif rjp : P ^ [B B] of fhe adjunction as follows: 

Ea (5,,) = V rjp (x) = Sx 

If is easy fo check fhaf E and rj form an adjuncfion, and are bofh monoidal nafural fransformafions. □ 

Corollary 24. FinVect, FinSet, and FinSet®^ together form an LPC model. 

Linear algebra has been considered as a model for linear logic mulfiple fimes in fhe liferafure. 
Ehrhard Q presenfs finifeness spaces, where fhe objecfs are spaces of vecfors wifh finife support. In 
his model, fhe ! operator sends a space A fo fhe space supported by finife mulfisefs over A; if fakes 
some efforf fo show fhaf fhis comonad respecfs fhe finifeness condifions. Praff ifT^ proves fhaf finife 
dimensional vecfor spaces over a field of characferislic 2 is a Chu space and fhus a model of linear logic. 
Valiron and Zdancewic ifTOll show fhaf fhe LPC model of FinVect is a sound and complefe semanfic 
model for an algebraic A-calculus. 
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Relations. Let Rel be the category of sets and relations, and let Set be the category of sets and 
functions. (Notice that the sets in either category here may be infinite, unlike in the FinVect case.) It is 
easy to see that Rel is linearly distributive where the tensor and the cotensor are both cartesian product, 
and distributivity is just associativity. The unit is a singleton set, and negation on Rel is the identity 
operation. 

Set is cartesian and its opposite category Set'^^, cocartesian. The F\ and F? functors are the forgetful 
functors which interpret a function as a relation. The [—] functor takes a set to its powerset. Suppose R 
is a relation between A and B. The function [R] : [A] —)■ [R] is defined as 

rRl(X) = {yGR|3vGX,(x,y)GR}. 

Then [—] has monoidal components m\ ^ : Ip —)> [1 l] and J : [A] x [Bl ^ [A X R] defined by 

(0) = 0 (Xi,X2) = X X2 

The dual notion [—J is just the inverse. 

Mellies llT3l discusses a non-model of linear logic based on Rel, where the exponential takes a set 
X to the finite subsets of X. That “model” fails because the comonad unit : !A —)• A is not natural. In 
the LPC formulation, e is derived from the adjunction, ensuring naturality. 

Boolean Algebras. Next we consider an example of the LPC categories where V and C are related by 
a non-trivial duality. The relationship is based on Birkhoff’s representation theorem |4|, which can be 
interpreted as a duality between the categories of finite partial orders and order-preserving maps (V) on 
the one hand, and finite distributive lattices with bounded lattice homomorphisms (C) on the other hand. 

The linear category C is the category of finite boolean algebras with bounded lattice homomorphisms. 
For the monoidal structure, the units are both the singleton lattice {0}, and the tensors A ® R and A ^R 
are the boolean algebra with base set A x R and lattice structure as follows: 

^ = ^(x,y) = hx,^y) 

(vi,yi) V(v2,y2) = (-^1 Vv2,yi Vy2) (-^i At) A (v2,y2) = (-^i Av2,yi Ay2) 

Given a partially ordered set (R, <), a subset A C R is called lower if it is downwards closed with 
respect to <. The set of all lower sets of R forms a lattice with T = R, _Ll = nieet as union and join 
and intersection. Let R* refer to this lattice. 

Meanwhile, given a lattice C, an element x is join-irreducible if x is neither _Ll nor the join of any 
two elements less than x. That is, x / y Vz for y,z / x. Let C* be the partially ordered set with base set 
the join-irreducible elements of C, with the ordering x<yiffx = yAx. 

The operators (—)* and (—)* extend to functors that form a duality between V and C ifTSl . 

The monoidal structure on V is given by the cartesian product with the ordering (xi,yi) < (x 2 ,y 2 ) 
iff x\ < X 2 and y\ < y 2 - The unit is the singleton order {0}. It is easy to check that every poset has a 
communitive comonoid. 

Finite distributive lattices have a monoidal structure with the unit the singleton lattice {0} and the 
tensor Ci A’ C 2 the lattice where the base set is Ci x C 2 . For every lattice C in C there exists a commutative 
monoid with components : _Lc —?■ C and : C ^ C —)■ C as follows: 

ec(0) = -L dcix,y)=xAy 

The components of the monoid in C and the comonoid in V are interchanged under the Birkhoff duality. 

Next we define the symmetric monoidal functors. Define [—] : C ^ V and [—J : £ C to be 
forgetful functors. For [—] in particular, the order induced by the boolean algebra is x < y iff x = y Ax. 
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Define F\ and F? to be the powerset algebra, which takes a structure with base set X to the boolean 
algebra with base set X, with top, bottom, join, meet and negation corresponding to X, 0, union, intersec¬ 
tion and complementation respectively. On morphisms, define 

F,f{X)=F,f{X) = {f{x)\xGX}. 

It is easy to check that these functors respect the dualities in that {FrP)^ ^ FiP* and [A]* ~ [A-'-J. 
To prove F\ H [—], it suffices to show a bijection of homomorphism sets Hom(F!P,A) = Hom(P, [A]). 
Suppose/ : F P —)> A in £. Then define/* : P —)■ [A] by 

/“ W =fi{zeX\z<x}) 

This morphism is in facf order-preserving. Next, for g : P —)• [A] define : F\P A as follows: 

s‘(x) = VsW 

xex 

Again g* is a lattice homomorphism. It remains to check that (/*)* =/ and (g^)* = g. 

From these definitions, the unit Ea ■ F [A] —)■ A and counit T]p : P —)• [F P] of the adjunction are 

£a{X)= idf^^ (F) = V id^A] {x)=\/X rjp {x) = (idpp)* (;c) = {z | z < x} 

To show the adjunction is monoidal, it suffices to prove £ and rj are monoidal natural transformations. 
The proof of the comonoidal adjunction [—J H F? is similar. 


5 Related work 

Girard Q first introduced linear logic to mix the constructivity of intuitionistic propositional logic with 
the duality of classical logic. Partly because of this constructivity, there has been great interest in the 
semantics of linear logic in both the classical and intuitionistic fragments. Consequently, there exist 
several categorical frameworks for its semantic models. 

One influential framework is Benton et al. ’s linear category f2!|, consisting of a symmetric monoidal 
closed category with products and a linear exponential comonad !. Schalk IfTTl adapted linear categories 
to the classical case by requiring that the symmetric monoidal closed category be *-autonomous. The 
coproduct A and coexponential ? are then induced from the duality. 

Cockett and Seely ||5l, seeking to study 0 and A as independent structures unobscured by duality, 
introduced linearly distributive categories, which make up the linear category in the LPC model. The 
authors extended this motivation to the exponentials by modeling ! and ? as linear functors Q, meaning 
that ? is not derived from ! and (—)^. The LPC model reflects that work by allowing ! and ? to have 
different adjoint decompositions. 

Other variations of classical linear logic, notably Girard’s Logic of Unity IfTOll . distinguish linear 
propositions from persistent ones. In the intuitionistic case, Benton [31 developed the linear/non-linear 
logic and categorical model described in Section Barber used this model as the semantics for a term 
calculus called DILL [H. A Lafont category 1121 is a canonical instance of an LNL model where !A is 
the free commutative comonoid generated by A. This construction automatically admits an adjunction 
between between a linear category C and the category of commutative comonoids over C. However, the 
LNL and LPC models have an advantage over Lafont categories by allowing a much greater range of 
interpretations for the exponential. Lafont’s construction excludes traditional models of linear logic like 
coherence spaces and the category Rel. 
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